We consider the non-interacting source-free Maxwell field, described both in terms of the vector potential and the field strength. Starting from the classical field theory on contractible globally hyperbolic spacetimes, we extend the classical field theory to general globally hyperbolic spacetimes in two ways to obtain a 'universal' theory and a 'reduced' theory. The quantum field theory in terms of the unital * -algebra of the smeared quantum field is then obtained by an application of a suitable quantisation functor. We show that the universal theories fail local covariance and dynamical locality owing to the possibility of having non-trivial radicals in the classical and non-trivial centres in the quantum case. The reduced theories are both locally covariant and dynamically local. These models provide new examples relevant to the discussion of how theories should be formulated so as to describe the same physics in all spacetimes.
Introduction
There have been a number of recent developments in the quantum field theory of electromagnetism, and other gauge field theories in the frameworks of algebraic quantum field theory [HK64, Haa96] and locally covariant quantum field theory [BFV03] . For example, the results for the initial value problem and the quantisation in [Dim92] were generalised to differential p-form fields in [Pfe09] , Hadamard states were discussed in [FP03, DS13] and the Reeh-Schlieder property was analysed in [Dap11] . However, these treatments have in common that they make some assumptions on the topology of the underlying spacetime. Approaches which do not make such assumptions are [DL12] , which treats field strengths, [SDH12] , which treats the vector potential, and [FS13] , which discusses the Gupta-Bleuler formalism in curved spacetimes with the intention to couple the Dirac field with the electromagnetic field. A consideration of electromagnetism in the spirit of Yang-Mills gauge theories is given in the series of papers [BDS12, BDS13, BDHS13] . The renormalisability of quantum Yang-Mills theories in curved spacetimes was established in [Hol08] and a general setting for linear quantised gauge field theories is given in [HS13] . One might also mention the progress made in linearised quantum gravity [FH13] , which partly inspired some of the work just discussed. possess nontrivial radicals, while the corresponding * -algebras (in the quantised description) possess nontrivial centres. Such elements are lost under embeddings into spacetimes with trivial cohomology. To remedy this, we also consider 'reduced' theories of electromagnetism which quotient out nontrivial radicals or centres -similar ideas have been proposed in [SDH12, Ben14] . As we will show, the reduced theories are both locally covariant (by design) and, which is not so obvious, dynamically local.
The paper is structured as follows. We begin with some preliminary work, collecting notions of dynamical locality in Section 2 and recalling some exterior calculus of differential forms in Section 3. Next, we review the classical and the quantum field theory of the free Maxwell field in Section 4. In doing so, we will also discuss the natural isomorphism between the field strength description and the vector potential description of the classical and the quantised theory of the free Maxwell field and also how electromagnetic duality is implemented in the theory. In Section 5, we will see that the classical and the quantised universal theory obtained in Section 4 fail local covariance and dynamical locality due to topological reasons already mentioned. This failure can be remedied, leading to a locally covariant and dynamically local reduced theory (classical and quantum) of the free Maxwell field, which will be the topic of Section 6. In Section 7, we discuss the status of dynamical locality, the categorical structure underlying some of our constructions, and the relation of our present work to the discussions of SPASs in [FV12a, FV12b] .
Local covariance and dynamical locality
We briefly review the framework of local covariance introduced in [BFV03] , in which physical theories are described as functors between a category of spacetimes and a category of physical systems. We also define the notion of dynamical locality [FV12a] .
Spacetimes and physical systems
The category of spacetimes, Loc, has as its objects all oriented globally hyperbolic spacetimes M = (M, g, o, t) of dimension 4 and signature (+, −, −, −), where o is the orientation and t is the time-orientation. A Loc-morphism ψ ∶ M → N is an isometric smooth embedding which preserves the orientation and the time-orientation and whose image ψ (M) is causally convex 1 in N .
The physical systems under consideration shall form the objects of a category Phys, so that a morphisms of Phys represents an inclusion of one system as a subsystem of another. The category of Phys is subjected to further conditions [FV12a, §3.1]: to be specific it is required that all Phys-morphisms are monic and that Phys has equalisers, intersections, unions 2 and an initial object, which represents the trivial physical theory.
We will consider just a few candidates for Phys in this paper:
• *Alg • pSympl m K : Objects are (complexified if K = C) pre-symplectic spaces, (V, ω, C), where V is a K-vector space, C a C-involution on V (which is omitted or set to be the iden-tity on V if K = R) 3 and ω a (possibly degenerate) skew-symmetric K-bilinear form satisfying ω ○ (C × C) = ○ ω; the morphisms are symplectic C-monomorphisms, i.e., f ∈ pSympl
The relative Cauchy evolution
We call a Loc-morphism ψ ∶ M → N Cauchy whenever the image ψ (M) contains a Cauchy surface for N (see [FV12a, Appx.A.1] for some properties of Cauchy morphisms). A locally covariant theory (LCT) A ∶ Loc → Phys is said to obey the time-slice axiom iff Aψ ∶ AM → AN is a Phys-isomorphism whenever ψ ∈ Loc (M , N ) is Cauchy.
For LCTs obeying the time-slice axiom, it is possible to define the relative Cauchy evolution [BFV03] , which captures the dynamical reaction of the LCT to a local perturbation of the background metric; its functional derivative with respect to the metric perturbation is closely related to the stress-energy tensor of the theory, see [BFV03, FV12a, FV12b] .
Let M = (M, g, o, t) ∈ Loc. A globally hyperbolic perturbation h of M is a compactly supported, symmetric and smooth tensor field such that the modification M [h] ∶= (M, g + h, o, t h ) becomes a Loc-object, where t h is the unique choice for a time-orientation on (M, g + h) that coincides with t outside supp h. We write H (M ) for all globally hyperbolic perturbations of M , while H (M ; K) denotes the subset of all globally hyperbolic perturbations whose support is contained in a subset
3 Some preliminaries on differential forms Differential forms allow for an elegant geometrical description of electromagnetism, that extends to curved spacetimes and allows for a relatively easy quantisation. For M ∈ Loc, we denote the
Several operators on differential forms will be of importance to us. First, the exterior deriva-
where ∇ denotes the Levi-Civita connection on M ; by convention
is the zero map. The K-vector space of all (compactly supported)
indicate to what extent the closed differential forms of a smooth manifold fail to be exact and are deeply connected to the topology of the manifold via singular homology. By Poincaré duality [GHV72,
* , where " * " denotes the dual.
Next, the Hodge- * -operator
The Hodge- * provides a weakly nondegenerate K-bilinear
Using the exterior derivative and the Hodge- * , we construct the exterior coderivative
Closed and coclosed as well as exact and coexact differential forms are related to each other by the Hodge- * -operator.
The d'Alembertian or wave operator
In abstract index notation we have
The subscript "(0)" indicates that the map is well-defined for both with and without the subscript.
which establishes that ◻ M is a normally hyperbolic differential operator of metric type (see [BGP07, §1.5] for a definition but note that [BGP07] employ the (−, +, +, +)-metric signature).
Hence, [BGP07] shows that ◻ M has a well-posed Cauchy problem and that there are unique retarded and advanced Green's operators G
M (supp ω) (usage of 'advanced' and 'retarded' is reversed in [BGP07] ). We will make extensive use of the difference
We collect some useful properties: Lemma 3.1. The following hold for any p ≥ 0: (a) The identities
coincides with the space of η ∈ Ω p (M; K) such that ◻ M η = 0 and so that η has spacelike compact support (which is equivalent to having compact support on Cauchy surfaces [San13] ). The kernel of For M ∈ Loc, the free Maxwell equations for the electromagnetic field strength tensor F ∈ Ω 2 (M; K) are
Given the electric field E ∈ Ω 
Following [Bon77] , we will generally call this the F-description of the free Maxwell field.
As is well-known, on any M ∈ Loc © , every solution of (2) can be expressed in terms of a vector potential as
dR (M; K) = 0, whereupon the free Maxwell equations (2) can be re-expressed as the single equation δ M d M A = 0 for the electromagnetic vector potential A ∈ Ω 1 (M; K). Owing to gauge freedom, however, the initial value problem
Note that the references [FP03, FV12b] focus on the advanced minus retarded Green's operator.
where Σ, ι Σ and E as above and A ∈ Ω 1 0 (Σ; K) is the magnetic vector potential, i.e. d Σ A = B, is not well-posed. Instead, a well-posed initial value problem is obtained by passing to suitable equivalence classes of initial data and solutions [Dim92, Pfe09, SDH12] . We will generally refer to the description in terms of the vector potential as the A-description of the free Maxwell field.
A classical phase space for contractible spacetimes
We continue to assume that M ∈ Loc © . In the F-and the A-description, there are three descriptions of the classical field theory in terms of a (possibly complexified) symplectic space: the phase space of the Cauchy data, the phase space of the solutions and the phase space of the test forms (cf. [Dim92, §3] for the case of the electromagnetic vector potential). However, these three choices are symplectomorphic and hence equivalent. We will find it convenient to work with the phase space of test forms, which we now discuss briefly.
As shown in the proof of [DL12, Prop.2.1], any solution of (3) with compact support on Cauchy surfaces is also a solution for the initial value problem of the wave equation ◻ M F = 0 with compactly supported Cauchy data, and can be written as [DL12, Prop.2.2]:
This general form may be simplified as M is contractible (so H 1 dR (M; K) is trivial), and hence
Making use of Lem. 3.1, we see that any solution of (3) with compact support on Cauchy surfaces can be written
By Lem. 3.1(e), ω, η ∈ Ω 2 0 (M; K) give rise to the same solution if and only if they differ by an element of Ω
, so the space of solutions may be described as a (complexified
(the complex conjugation is to be omitted if K = R). For future reference, we observe that
The fact that w M is a well-defined and non-degenerate follows immediately from the following result.
Lemma 4.1. Let M ∈ Loc (contractibility is not assumed). Then
Proof: Bilinearity is obvious and skew-symmetry follows from general properties of G M . Fixing ω ∈ Ω 2 0 (M; K) and noting that
the non-degeneracy of the pairing In the A-description, the classical field theory can be described by the (complexified if
see [Dim92, Pfe09, Dap11, DS13] . Note, the first two references assume that M has compact Cauchy surfaces. This assumption is not necessary here (though we have contractibility at present). Also, recall the identity
Using the pushforward of compactly supported K-valued differential forms, we obtain
For example, F ψ is well-defined because the push-forward of (co)exact forms is obviously (co)exact; F ψ is also symplectic as a result of the diffeomorphism invariance of integration and ψ * G N ψ * = G M (cf. [FV12b, Sec.3] ). In this way, we gain two functors
It is straightforward to see that Ω
and that the family {η M } M ∈Loc © thus obtained form the components of a natural isomorphism η ∶ F˙ →A. Thus, F and A are naturally isomorphic (on Loc © ), i.e. equivalent physical theories.
The functor F also admits automorphisms corresponding to electromagnetic duality. To be specific, in each M , the Hodge- * is a linear isomorphism of
0 (M ) and one easily derives from this that
From these results, it follows that the electromagnetic duality rotations
for all α, β ∈ R, we see that there is a faithful homomorphism from U(1) into Aut(F ).
In [Few13] the automorphisms of a locally covariant theory have been identified as its global gauge transformations. This raises an interesting question, because the electromagnetic duality is not a symmetry of the Maxwell Lagrangian L = − 1 4 F ∧ * F , which changes sign under F ↦ * F and one might be concerned that the presence of these automorphisms is an indication that the theory F is not a true reflection of the original physics. Against this, we note that Maxwell Lagrangian has other unusual properties: in particular, the field equations obtained by variation with respect to F are trivial. The Maxwell equations can be derived from the Lagrangian, however, by demanding conservation of the stress-energy tensor constructed by varying the action with respect to the metric. As electromagnetic duality rotations leave the stress-energy tensor invariant, there is good reason to accept them as symmetries of the theory.
Extensions to noncontractible spacetimes
In the previous subsection we obtained a satisfactory description of the free Maxwell theory on contractible spacetimes. At various stages in the discussion, we made use of contractibility to identify various spaces of (co)closed forms as being (co)exact. The extension of Maxwell theory (in the above form) to noncontractible spacetimes presents various choices, because electromagnetism is sensitive to the topology of the underlying spacetime. Indeed, a non-trivial spacetime topology is used for mathematical descriptions of Aharonov-Bohm-like effects [SDH12] but there are also investigations of the physical relevance of a non-trivial spacetime topology purely in terms of the field strength tensor. For example, [AS80] discussed the quantised free Maxwell field in terms of the field strength tensor on the Schwarzschild-Kruskal spacetime, which has the topology of R × R × S 2 . Not every field strength tensor F can be derived from a vector potential A via the relation F = dA on the Schwarzschild-Kruskal spacetime, ultimately leading to a two-parameter family of unitarily inequivalent representations of the canonical commutation relations labelled by topological (electric and magnetic) charges. This feature is characteristic of spacetimes with non-vanishing second de Rham cohomology group and ultimately prevents one from having classical and quantised theories in the usual, straightforward manner.
In order to deal with non-trivial topologies and to analyse the impact they have on the theory, Fredenhagen has suggested the use of (an analogue of) the universal algebra construction [Fre90, FRS92, Fre93] , to obtain the minimal description compatible with, and unifying, the local descriptions of the theory on contractible subregions of the spacetime. This was addressed in [Hol08, Appx A] and carried out in detail in [DL12] . A similar construction can be carried out at the classical level and results in a "universal" (complexified if K = C) pre-symplectic space. The resulting model can be given concretely as follows.
which is well-defined as a consequence of Lemma 4.1. On contractible spacetimes F u M coincides precisely with F M defined by (4). However, the bilinear form w uM is degenerate on spacetimes with nontrivial H 
where the square brackets on the left are cohomology classes. Elements in rad w uM representing a class in H 2 dR,c (M) will be called magnetic topological degeneracies; elements whose Hodge dual represents a class in H 2 dR,c (M) will be called electric topological degeneracies. On any morphism
, again extending the definition of F . The linear map F u ψ is well-defined and preserves the (complexified if K = C) pre-symplectic forms for the same reasons as in contractible spacetimes; it is clear that we have a functor F u ∶ Loc → pSympl K . It is important to note that the morphism F u ψ need not be injective; the extreme case is where
Instead of quotienting by the direct sum of exact and coexact forms, we may form quotients by the larger direct sum of closed and coclosed forms, thus obtaining a reduced theory: on each
(omitting complex conjugation if K = R), is a Sympl K -object as a consequence of Lemma 4.1. Since the pushforward of compactly supported K-valued differential forms intertwines with the exterior derivative and the exterior coderivative for each Loc-morphism,
In this way, the reduced theoryF ∶ Loc → Sympl K is a classical LCT. If the second de Rham cohomology group H 2 dR (M; K) of M ∈ Loc vanishes, which implies H 2 dR,c (M; K) = 0 by Poincaré duality, we find Ω
for each such Loc-object; in particular, this holds for all objects of Loc © . More generally, it is clear thatF M is precisely obtained from F u M by quotienting out its radical.
Of course, it would have been possible to start in the A-description and then pass to the corresponding "universal" (complexified if K = C) pre-symplectic space A u ∶ Loc → pSympl K obtained from A ∶ Loc © → pSympl K in the same way as F u . As A and F are naturally isomorphic theories, however, it follows on abstract grounds that A u is naturally isomorphic to F u . Explicitly, A u M is given simply by the formulae in (6) but with M ∈ Loc allowed to be arbitrary, and there is a natural isomorphism
Finally, we note that the automorphisms Θ(α) ∈ Aut(F ) implementing electromagnetic duality rotations lift to automorphisms of both the universal and reduced theories.
Quantisation
The models described above can be conveniently quantised as infinitesimal Weyl algebras by means of a quantisation functor Q ∶ pSympl C → *Alg ½ , which is defined as follows. For any (V, ω, C) ∈ pSympl C , let Q (V, ω, C) be the complex symmetric tensor vector space
equipped with the product uniquely determined by the requirements
for all m, n ∈ N 0 and u, v ∈ V . Here S denotes symmetrisation, and we use the convention
. A discussion of a related functor can be found, for example, in [FV12b, §5] . In fact, that reference concerns the restriction of Q to pSympl m C which takes its values in *Alg m ½ -here, this functor will be denoted Q m . The proof that our Q is indeed a functor is simply obtained by dropping any references to injectivity in the proof of [FV12b, Prop.5 .1], a result which also shows that nondegeneracy of (V, ω, C) implies that Q (V, ω, C) is simple (see also [BSZ92, Scholium 7 .1]).
Applying Q and Q m , we obtain quantised theories
on contractible spacetimes and also quantisations of the universal F-and A-theories
and also of the reduced theoryF ∶= Q m ○F ∶ Loc → *Alg m ½ . It is clear thatFM = F u M if M has trivial second de Rham cohomology, and that these algebras coincide with FM if M is contractible. Moreover, the algebras FM , AM andFM are simple for all M ∈ Loc, while
These theories can also be described in terms of fields. For example, let M ∈ Loc and define, for each ω ∈ Ω 2 0 (M; C), the elementF M (ω) = (0, ω, . . .) ∈ Γ ⊙ (F u M ). Then one readily sees that theF M (ω) generate F u M and obey the following relations (cf. [DL12, Def.3.1]):
• Linearity and hermiticity:
• Free Maxwell equations in the weak sense:
which shows that theF M constitute a locally covariant field in the sense of [BFV03] . One may define fields for the theorỹ F in a similar way, with the difference that the axiom for Maxwell's equations is now replaced • Linearity and hermiticity:
The theories F and A are actually equivalent because the natural isomorphism
This precisely generalises the "natural algebraic relation" between the Borchers-Uhlmann algebras for the F-and the A-descriptions discussed in [Bon77] for Minkowski space. Explicitly,
, which is the weak analogue of the familiar relation F = dA. Owing to this equivalence, all statements about the classical and the quantised universal free F-theory apply eqally to the classical and the quantised universal free A-theory. Choosing the classical universal free F -theory over the A-theory and vice versa has no physical significance and purely expresses a different point of view on the same theory. In the following sections, we we take the point of view of the F-description, which slightly simplifies some arguments. One may introduce classical and quantised reduced A-theories isomorphic to the corresponding reduced F-theories.
Finally, the electromagnetic duality rotation automorphisms possessed by all the classical theories lift immediately to the quantised theories by the action of the quantisation functor.
5 Dynamical locality of the universal theory
The universal theory fails local covariance
It was already pointed out in [DL12, §3.7 ] that the quantised universal free F-theory F u ∶ Loc → *Alg ½ is not a LCQFT according to [BFV03] because morphisms corresponding to spacetime embeddings are not always injective. The same is true for the classical universal free F-theory
A similar argument applies to ω ∈ Ω 2 0,δ (M; K) ∖δ M Ω 2 0 (M; K). The elements just described in this and the last paragraph are precisely the ones that span the radical of w uM and the centre of F u M , respectively, M ∈ Loc (cf. [DL12, Prop.3.3]). Hence, local covariance of F u and F u is precisely spoiled by the radical elements and the central elements, respectively.
However, F u is still a causal functor, owing to the form of Lichnerowicz's commutator, and as we will see shortly, both F u and F u obey the time-slice axiom, i.e. F u ψ is a pSympl Kisomorphism and F u ψ is an *Alg ½ -isomorphism whenever ψ ∈ Loc (M , N ) is Cauchy.
The universal theory obeys the time-slice axiom
We start with some helpful, more general statements, which will allow us to show the validity of the time-slice axiom and to compute inverses. For the rest of this subsection, let ψ ∈ Loc (M , N ) be Cauchy, ξ = (E, N, π, V ) a smooth K-vector bundle over N and P ∶ Γ ∞ (ξ) → Γ ∞ (ξ) a normally hyperbolic differential operator of metric type.
denotes the pushforward of compactly supported smooth cross-sections in the restricted smooth K-vector bundle of ξ to ψ (M) along the bundle inclusion
If a particular time-slice map is understood, we will write σ = σ e + P σ £ for the corresponding decomposition σ £ ∶= Lσ, σ e ∶= σ − P σ £ .
Time-slice maps exist by slight modification of a standard construction: fix any two smooth spacelike Cauchy surfaces Σ f and Σ p for N such that Σ f , Σ p ⊆ ψ (M) and Σ f lies strictly in the future of Σ p . This can be achieved using [FV12a,  
where [BGP07, Cor.3.4.3] . By the properties of χ ± and G ret/adv , supp σ e is compactly supported in ψ (M). Finally, σ £ ∈ Γ ∞ 0 (ξ) is defined by σ £ ∶= χ + G adv σ + χ − G ret σ. However, many properties of time-slice maps can be proved without using a specific formula. The main technical point is that any compactly supported solution φ to the inhomogeneous equation
and if K is another time-slice map for (ψ, ξ, P ), then
Hence,
.
Proof:
Then by definition of time-slice maps,
The penultimate formula follows from this and the definition σ e ∶= σ − P σ £ = σ − P Lσ for σ ∈ Γ ∞ 0 (ξ). Finally, our result shows that the action of any timeslice map on σ is fixed modulo terms compactly supported in ψ(M). Outside this set, all timeslice maps agree, so we may use the formula implicit in (9) to obtain the final result.
Ð
As a digression, the existence of a time-slice map for (ψ, ξ, P ) implies that the following is a short exact sequence of K-linear maps
is immediate because α is injective; moreover its image is precisely the kernel of β, so we have
, it is clear that β is surjective and we have a split short exact sequence.
Lemma 5.3. Let η = (D, N, ̺, W ) be smooth K-vector bundle with a normally hyperbolic differential operator Q ∶ Γ ∞ (η) → Γ ∞ (η) such that P and Q are intertwined by a (partial) differential operator ∂ ∶ Γ ∞ (ξ) → Γ ∞ (η), i.e. ∂ ○ P = Q ○ ∂. Suppose L and K are time-slice maps for (ψ, ξ, P ) and (ψ, η, Q), then for any σ ∈ Γ ∞ 0 (ξ),
Hence, ∂Lσ − K∂σ is compactly supported in ψ (M) and the remaining assertion follows. Ð Finally, let us apply this to differential forms with a view to the description of electromagnetism. Let our smooth K-vector bundles be the (complexified if K = C) p-th exterior power λ p N of the cotangent bundle τ * N of N for p ≥ 0 and let ψ ∈ Loc (M , N) be Cauchy. Then taking the appropriate wave operators as the normally hyperbolic differential operators acting on differential p-forms, the exterior derivative and the exterior coderivative provide intertwining operators. The previous lemma now gives the following.
The first part is a direct consequence of Lem. 5.3. Now suppose that
the right-hand side of which is obviously supported in ψ (M). Hence, the left-hand side of the second equation must have the same support and is in the kernel of d N . Thus (10) holds for closed ω, and as the same argument applies to coexact ω, the result is proved.
We will now apply these general statements in order to show that F u and F u obey the timeslice axiom. In the proof, we will explicitly construct the inverses of F u ψ and F u ψ, where ψ ∈ Loc (M , N ) is Cauchy, which will be helpful when computing a concrete expression for the relative Cauchy evolution for F u and F u . Since functors preserve isomorphisms and F u = Q ○ F u (where Q ∶ pSympl K → *Alg ½ is the quantisation functor) it is enough to concentrate on the classical universal free F-theory.
Proposition 5.5. For ψ ∈ Loc (M , N ) Cauchy, F u ψ is a pSympl K -isomorphism whose inverse is explicitly given by
for any time-slice map of (ψ, λ . It is not difficult to check that Ξ is K-linear, symplectic and intertwines with the C-involution in the case K = C. The computations
, where we have used Lemma 5.2, and 
The relative Cauchy evolution of the universal theory
The explicit inverse computed in Prop. 5.5 allows us to compute the relative Cauchy evolution for F u and F u induced by h ∈ H (M ). To this end, let
respectively and use the symbols "e ± " to correspond to L ± . Then we have, for any (by the last part of Lem. 5.2). Hence
where we have used the fact that G 
Finally, the relative Cauchy evolution of F u is given by
The failure of dynamical locality for the universal theory
In Subsection 5.3, we have already seen an example which shows that F u and F u cannot possibly be dynamically local in the original sense of this definition [FV12a] . To be more specific, let N ∈ Loc be the Minkowski spacetime, M the Cauchy development in N of the set {0} × (x, y, z) ⊺ ∈ R 3 x 2 + y 2 + z 2 > 1 and ψ ∶ N → M the inclusion map, then f 
In this subsection, we show that the failure of dynamical locality for these theories is even more severe and cannot be achieved even if we restrict to contractible globally hyperbolic open subsets.
Let M ∈ Loc be such that H 2 dR (M; K) ≠ 0. By arguments given in Sect. 5.1, there exists
In other words, [ω] is a magnetic topological degeneracy. Lemma 5.3 yields
∀h ∈ H(M ), and hence rce
is in the radical of the (complexified if K = C) pre-symplectic form on F u M , it follows that 
Dynamical locality of the reduced theory
In the last section we saw that the classical and the quantised universal free F-theory (and hence A-theory) fail local covariance and dynamical locality. However, we were also able to clearly identify what causes this failure, namely the possibility of having non-trivial radicals in the classical case and non-trivial centres in the quantum case. The reduced theories are free of these features and, as we will show, they are dynamically local. We work in the F-description, but all our statements have analogues in the equivalent A-description.
The relative Cauchy evolution of the reduced theory
Having established local covariance, we will now show that the classical and the quantised reduced free F-theories obey the time-slice axiom. We will compute their respective relative Cauchy evolutions and differentiate them with respect to the metric perturbation, thus obtaining the stress-energy tensor for the classical reduced free F-theory. SinceF = Q ○F , we concentrate on the classical case.
The only difference to the subsections 5.2 and 5.3 is so far the use of a different equivalence relation and hence different equivalence classes, i.e. 
and also
The intermediate expression in (11) allows us to employ a Born expansion as in [FV12b, (B. 2)],
in order to further compute:
For M ∈ Loc, we can associate to each ω ∈ Ω 2 0 (M; K) a solution of the free Maxwell equations (2) with compact support on smooth spacelike Cauchy surfaces for M by setting
Thus, in the classical reduced free F-theory, we are only dealing with solutions of (3) which are of the form
Note that each solution of the Cauchy problem (3) will be of this form if M ∈ Loc © (cf. Subsection 4.2). This provides a nice interpretation of the relative Cauchy evolution:
is the unique solution of the free Maxwell equations on M [h] which coincides with
The agreement is not difficult to see, the uniqueness follows from the wellposedness of the Cauchy problem. 
. This interpretation of the relative Cauchy evolution will become very helpful in the proof of Lemma 6.1.
The stress-energy tensor of the classical modifed theory
To show thatF andF are dynamically local, it will be helpful to relate the relative Cauchy evolution to the stress-energy tensor for the classical reduced free F-theory. This can be done as follows: taking any compactly supported, symmetric and smooth tensor field
there is an interval (−ε, ε) for some ε > 0 such that th ∈ H (M ) for all t ∈ (−ε, ε) (cf. [FV12b,  § §2&3]). The relative Cauchy evolution forF induced by th ∈ H (M ) for M ∈ Loc is differentiable in the weak symplectic topology (cf.
and the derivative on the right hand side exists for all such ω , η . Note,
, a notation we avoid for obvious reasons. Inserting (13) and already dropping some terms of order t 2 and higher, we need to compute (up to first order in t)
11 Recall, τ * M denotes the cotangent bundle of the smooth manifold M .
The coderivative δ M [th] may be expanded by a lengthy but straightforward computation (being careful to recall that the inverse metric to g + th is (g + th)
−1 = g −1 − th ♯ ♯ + O(t 2 ), which reads in abstract index notation g ab − th ab + O(t 2 )):
where ∇ stands for the Levi-Civita connection with respect to g. This yields
whose well-definedness can be seen by using the weak non-degeneracy ofw M . In order to bring (15) into a nicer form, we define
The divergence theorem entails the following identities
(Note that there is a sign error in the analogous formula [FV12b, Eq. (3.7)], which however does not alter the main results of that reference.) Here T M ( ω , η ) is the polarised form of the stress-energy tensor for the classical reduced free F-theory on M ∈ Loc
where
0 (M; K) (one could also regard this expression as half of a second directional derivative of the stress-energy tensor). Note, the same expression (17) is obtained for the stress-energy tensor of the classical universal free F-theory if ⋅ is replaced with [⋅].
Verification of dynamical locality for the reduced theories
We will now prove that the reduced free F-theoryF ∶ Loc → Sympl K obeys dynamical locality (hence the same is true for the corresponding reduced A-theory). In order for equalisers, unions and intersections to exist, we regardF as a functorF ∶ Loc → pSympl m K . We will follow the reasoning of [FV12b] using the stress-energy tensor ofF in order to characterise the dynamical net. The main technical point of difference is that the field strength tensor satisfies not only the wave equation but also the free Maxwell equations.
Lemma 6.1. Let K be any compact subset of M ∈ Loc. Theñ
and alsoF
Proof: Labelling the members of (18) as I, II and III respectively, we will prove that I ⊆ III ⊆ II ⊆ I. Starting with I ⊆ III, suppose ω ∈F
as h was arbitrary, we have I ⊆ III. For III ⊆ II, if 
is the subobject with the claimed property.
Ð
The following lemma can be considered as an analogue to [FV12b, Lem.3.1.] and is integral to the proof that the kinematic and the dynamic nets coincide.
Lemma 6.3. Let M ∈ Loc and K ⊆ O ∈ O (M ) compact. There exists χ ∈ C ∞ (M) such that every solution F ∈ Ω 2 (M, K) of Maxwell's equations with supp F ⊆ J M (K) can be written as
Proof: The proof works in exactly the same way as that of [FV12b, Lem. Theorem 6.5. The classical reduced theory of the free Maxwell field is dynamically local.
We have also found a generalisation of the "natural algebraic relation" in [Bon77] , by means of natural isomorphisms between F u and A u , and between F u and A u . Hence, none of the theories F u , A u , F u and A u can accommodate observables relevant to the Aharonov-Bohm effect that are parameterised by the first compact support de Rham cohomology [SDH12] . On the other hand, all the theories discussed admit electromagnetic duality rotations as global symmetries. To conclude, we discuss three aspects in more detail, namely the status of dynamical locality, the categorical structure underlying some of our constructions, and the relation of our present work to the discussions of SPASs in [FV12a, FV12b] .
Dynamical locality
It is useful to summarise the current state of knowledge regarding dynamical locality. For the Klein-Gordon theory in spacetime dimension n ≥ 2, with mass m and curvature coupling ξ, the theory is known to be dynamically local provided at least one of m or ξ is nonzero [FV12b, Fer13b] . The same is known to be true for the extended theory of Wick polynomials for m > 0 in the two cases of minimal and conformal coupling in dimensions n ≥ 2 [Fer13b] ; moreover, the Dirac field in n = 4 dimensions is dynamically local for m ≥ 0 [Fer13a] .
The massless minimally coupled scalar field fails to be dynamically local in all dimensions n ≥ 2, which can be traced to the rigid gauge symmetry φ ↦ φ + const of the theory; as mentioned, dynamical locality is restored if either m or ξ become nonzero. Moreover, the free massless current is also dynamically local in dimensions n ≥ 3, and also in n = 2 if we restrict to the category of connected spacetimes [FV12b] . The inhomogeneous minimally coupled KleinGordon theory has recently been studied [FS14] ; here, the category of spacetimes Loc is replaced by a category of spacetimes with sources, and one modifies the definition of the relative Cauchy evolution and the dynamical net to take account of both metric and source perturbations. The result is that the inhomogeneous theory is dynamically local for all n ≥ 2 and m ≥ 0. Thus we see that the failure of dynamical locality is lifted as soon interactions, in the form of curvature coupling or external sources (or, mass terms) are included. Note that, while the curvature and mass terms break the gauge symmetry, this is not the case for the inhomogeneous theory. 14 Our present results on the Maxwell field contribute to the emerging picture as follows. The failure of dynamical locality for the universal theory can be traced to the existence of topological charges present whenever the second de Rham cohomology is nontrivial. These observables are invariant under all relative Cauchy evolutions and so are common to every element of the dynamical net, which does not distinguish between observables that are local to every region and 'observables that are localised at infinity'. Actually, these observables can have unusual spatial localisation as well: it is possible for such an element to be common to spacelike separated elements of the kinematic net, giving a failure of extended locality [Sch68, Lan69] . In the quantum field theory, the topological charges are central elements which parameterise different superselection sectors of the theory [AS80] , again underlining their global nature. By contrast, the reduced Maxwell theory in n = 4 dimensions provides a well-behaved locally covariant and dynamically local theory (at the cost of giving up topological observables labelled by de Rham cohomology H p 0,dR for p = 1, 2). Overall, dynamical locality appears to be a reasonable expectation for theories of local observables, but to fail where theories admit observables of an essentially global nature that are stabilised by topological or other constraints.
Categorical structures
A number of ideas concerning the 'universal' and the 'reduced' theory for the classical and the quantised free Maxwell field can be put in a broader categorical context. The details of the following discussion have been worked out and will appear in B.L.'s forthcoming Ph.D. thesis.
For each M = (M, g, o, t) ∈ Loc, we can consider the category J M whose objects are those The notion of a colimit and a left Kan extension also make sense for the categories pSympl K , pSympl m K and Sympl K , but none of these three categories is cocomplete. However, it can be shown that the functors F M , A M ∶ J M → pSympl K have colimits whose universal objects are precisely F u M and A u M respectively, and that ½ and pSympl K (or Sympl K ). If they do exist, the resulting theories would be distinguished as the minimal locally covariant extensions of the theory on contractible spacetimes; while we have not reached a conclusion on the question of existence, it can however be shown that if these extensions exist, they would coincide with the reduced theories.
Maxwell theories and SPASs
A foundational problem for physics in curved spacetimes is to understand how a theory should be formulated such that its physical content is preserved across the various spacetimes on which it is defined; i.e., so that it represents the same physics in all spacetimes (SPASs) [FV12a] . This touches on what is actually meant by the physical content of a theory and it is not easy to make this mathematically precise. Hence, there might be more than one or even no satisfactory notion of SPASs at all.
In [FV12a] , this problem was addressed as follows. Any putative notion of SPASs can be represented by a class of locally covariant theories -those conforming to the notion in question. One can then assert axioms for what a good notion of SPASs should be as restrictions on such classes of theories. In particular, suppose one has two theories A, B, in a class T, each of which is supposed to represent the same physics in all spacetimes according to a common notion. If there is at least one spacetime in which theories A and B coincide, then it seems natural to demand that they should coincide in all spacetimes.
This idea was implemented mathematically for the case in which theory A is a subtheory of B: A class of theories T is said to have the SPASs property iff whenever A, B ∶ Loc → Phys are LCTs in T and η ∶ A→B is a partial natural isomorphism (i.e., at least one of its components is an isomorphism), then η is a natural isomorphism. It was pointed out in [FV12a] that the collection of all locally covariant quantum field theories from Loc to Phys (for rather general choices of Phys, including *Alg m ½ for example) does not have the SPASs property, while the class of dynamically local theories does. It was also noted that one might wish to consider other implementations of the underlying idea.
The models studied in this paper provide a new viewpoint on this issue. The theories F u andF (resp., F u andF) coincide on all spacetimes with trivial second de Rham cohomology. To be specific, let Loc 2 be the full subcategory of Loc formed by the spacetimes M with H 2 dR (M) = 0, and let K ∶ Loc 2 → Loc be the inclusion functor. Then there are natural isomorphisms F u ○ K ⋅ ≃F ○ K and F u ○ K ⋅ ≃F ○ K. However, the theories are not equivalent on Loc and it is evidently not tenable to regard both the universal and reduced theories as each representing the same physics in all spacetimes according to a common notion.
As far as we are aware, there is no way of embedding the reduced theories as subtheories of their universal cousins. 15 However, it would be natural to regard the universal theories as extensions of the reduced ones. In the classical theory we have a short left exact sequence
of functors from Loc to pSympl K , where all components of e are epimorphisms. Here, 0 denotes the constant functor returning the zero (complexified if K = C) pre-symplectic space and rad w u is the functor assigning the radical rad w u M (equipped with the zero presymplectic form) to each M ∈ Loc, and with morphisms obtained by restriction from F u . The components of m, which are the inclusion morphisms of rad w u M as a subobject of F u are necessarily monic. (As pSympl K lacks a zero object, it is not possible to write a short exact sequence, and we have to insist on e being epic separately.) Applying the quantisation functor, we obtain a similar short left exact sequence in *Alg ½ . In general, we could consider any sequence C A with monic m and epic e as indicating that B is an extension of A (by C), where A, B, C ∶ Loc → Phys (for these purposes, we would allow Phys to admit non-monic morphisms). One may then formulate a version of the SPASs property to cover extensions: a class T of theories Loc → Phys has the SPASs property for extensions if, whenever A, B ∈ T and B is an extension of A so that e is a partial natural isomorphism, then e is a natural isomorphism. It would be very interesting to know whether the class of dynamically local theories satisfies this version of SPASs in addition to the subtheory version studied in [FV12a] . Our results on the Maxwell theories studied here are certainly consistent with a positive answer to that question.
